INTEGRALS INVOLVING GENERALIZED LEGENDRE FUNCTIONS

by
B. Meulenbeld® and H.S.V.de Snoo*

1. Introduction,

The functions P{+%(z) and Q{'"(z), solutions of the differential equation:

2 2 2
(1-z2)‘i_;_"-2z‘.i_‘_”_+{k(k+1)- m” . _n }w=0,

dz dz 2(1-z)  2(1+z)

introduced in [1] by KUIPERS-MEULENBELD, have been defined for all points
of the z-plane in which a cross-cut exists along the real axis from 1 to
-0, and in [2] for the real values of z on the cross-cut for -1 < z < 1,
These functions will be called genervalized Legendve functions, whereas
PP(z) and Qf (z) which are the special cases for m=n, will be denoted by
associated Legendre functions.

For the sake of brevity we put:

@ = k+3(m+n), B=k-z(m-n), v =k+i(m-n), § = k-z(m+n),

In [3] is given a list of integral transforms whose kernels are associated
Legendre functions. In this paper we want to extend this list to integral
transforms with PP" (x), Q" (x), or combinations of these as kernels,
In section 2 the result is given without proofs. The evaluation of most of
the integrals is carried out by expressing P[:%(z) and Q{:" (z) in terms
of hypergeometric functions in conjunction with the tabels in %3, 20.2].
A more detailed presentation may be found in [4]. In section 3 some in-
verse transforms are given, making use of the inversion formulas of
BRAAKSMA-MEULENBELD (see [5]). In the integrals, occurring in this section
is integrated with respect to the lower parameter k. Finally, in section
4 we mention some useful relations, until now not yet published, between
generalized and associated Legendre functions.

2. A. Laplace transforms with genervalized Legendre functions,
9 $(n-m) p%m-c

je‘Pt t‘:‘l(t+1)'*n Pf{"“(l+2t)dt = ———— E(B+1, -y,c-3m:1-m:p) (1)
0

T(B+1)T(-7)
Re ¢ >3Re m, Re p > 0.

For m=n:

o .1 . 1

[ ™ PR (120t = - 1 p ™ singk B(ktl, k, c-3m:l-mip) (2)
0 Re ¢ >3Re m, Re p > 0.
For c=1-3m in (2):

- - _l -
fe P ryey] P PR (1eenat = 7 p™ e, (dp)
0 Re m <1, Re p > 0.
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This transform has already been found in [3, 4.13(1)].
For m=0 in (2):

Je"’t £ P (1+2t)at = ~ I psinak B(k+1, -k, ¢: 1:p)
0 Re ¢ >0, Re p > Q.

-3

f e P g mYyyg) e MMM (1144 =

0

Fla+1) { sin Bw
= E(-8, v+t1, A+m: m+1: 2p) + (3)
(6 +1)

'z

2 m-a+1 p>\+m sinm®

gsin a7
- E(-a, 6+1, A: 1-m: 2p)
2! prsinmw

"Re A >0, Re(Atm) > 0, Re p > 0.

For m=n (3) is equal to 3, 4.13(16)].

7 2¢(t+y+
fe‘Pt £ 4 () K () K (pryr2) P R (1 - AR )dt =
0 (t+y) (t+2) (4)

= 2 tm-m) e *(YJ'Z)P(yZ)-f p-l Wk&m-i.%n(py)wk*fm*i'i“ (pz)

Rem«< 1, y,z real > 0, Re p > 0,

For y=z=1 and m=n=0 we get [3, 4-13(6)]'
j e P (1-e ) (14+e™) TP ™ M (eh)dt =
0
(5)
P(p-k)T (p+tk+1)

= o Pri(mD) .
[(p+ym-n+1)[(p+zm+zntl)

F,(p-k, przmto+l, p+k+1; pHim-in+1, p+im+intl; )

Rem > -1, Rep > -Re k-1, Re p > Re k.

For m=n and o=4n we get [3, 4.13(11)].

~
r -pt , 1t im pet O -m, -t
[ e™ (e -1) (— - )P Npe'-pr1ydt =
0 p~2
L (g ['(p-o~k-tm)T(p-otk-zm+1) L (6)

T(p-o-int1)[(p-o+in+l)
o F, (p-0-k-3m, ptl, p-o+tk+1-3m; p-o-3n+l, p-o+in+l; —25‘0)
e

Re 0> 0, Re m > -1, Re p > Re(im+o-k)-1, Re p > Re(3m+o+k).
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For m=n and g=3n we get [3, 4.13(12)].

£ \ . T'(p-3m)l"(-p-k-3n)I(-6)
fe P (1-e™)" P (1-2¢ " )dt = 2 Hnom) i i (7
[(-p-3m+1)T(p-k+in)'(-a)

0
Ren > -1, Re p> tRe m.

o I'(p+3n)"(p-m-3n)
J e -yt B 2ot enyat = 2 dem T : ®)
o [(p-k-zm)[(p+k~3m+1)

Re m < 1, Re p > :|Re n].

B. Integral transforms with genevalized Legendre functions,

1
J xp(l-x)q(l-zx)-im Pkm'n(1-2xz)dx =
0

om _4m _CE-mIT(aH) (9)

= 2 .
I'(1-m)l(p+q-3m+2)

3Fq (B+1, -'y,)p-%m+1;1 -m,p+q-3m+2; z)
Re p > 3Re m-1, Re q > -1, z real,|z| < 1.

+1 722 m) 1
f(1-x2)"~*P;{n-“(x)dx = , _ : (10)
5] cos zn7 ['(3-39I'(3-37)[(38+1)["(46+1)

Rem <1, |Ren| <1,

1 ' -p+iny - =i L
f (1P (1457 B () < 2 ['(k-ptzn)["(k-p-3n)['(p-3m+1)
11

: (11)
CE+HC(s+1)I(~p-3m)

Re(p-3m) > -1, Re(k-p)> 3 |Re nl.

+1
[ -+ P PP (x)ax =
"1

PR Ebme) (12)

i ['(1-m)l (p+q-3(m-n)+2)

3Fy (B+1, -7, p-3m+1; 1 -m, p+q-3(m-n)+2; 1).
Re(p-3m) > -1, Re g+l > 1 |Re nj.

+1

| (1-x)P (14x) Y (ux) O P M xydx =

-1

(13)

aHneml I(g+3nt+1)T'(g-3n+1) o
u-1) 7.,

I'(g-k-zm+1)I(q+k-zm+2)
3 Fy(a+3n+l, 0, q-3n+1; g-k-3m+1, gtk -3m+2; -1%—11)
Rem < 1, Re g+1 > 3 |Re n|, u not lying on the cut (-1,+1).

=2
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+1

[ (1= ()T e P P (x)ax =

21

[(q+zn+1)T(q-3n+l) (14)

u

q+in-m+l
e

= 2

['(q-k-tm+1)D(q+k-3m+2) |
oFy (q+3n+l, g-3n+1; g-k-3m+1, g+k~5m+2; -2u)
Re m < 1, Re g+l > }|Re n|.

r A D(ptk+sm)(p-k+im-1
f (x-1) F7 (x+1)P P2 (x)dx = gD z zm-1) (15)
' T'(p-3n)T'(p+in)

Re m < 1, Re(ptk+im) > 0, Re(p-k+im-1) > 0,

J (x-1)727 (x+1) 3" (xtt) 721 p B (g gy =
1

(186)

-£-3 -n-?.!?., -m-2/{

. D(e+2l+1)I(-6+20) o

= (1+t) “f-4m (1-1) (t)

r(20+1)
Re m < 1, |Re(2k+1)| < Re(m+n+4l+1), |t] < 1.

°° - L i 1 - -

J e eyt ey Bp IR yax = gl i ey 1
1

Rem <1, Re a >0,

J e (x-1)" (x+1) PP (x)dx =
1

a%m-c e™d (18)
= E(B+1, -y, c-3m: 1-m: 2a)

LB+ (-7)
Re ¢ > tRe m, Re a > 0.
T :

-3m -n Xt m,

j(x-1) (x+1)™ ™K 4 [(14x)t ] PR (x)dx = (19)
1

~din- -1
= 27 ' cos ing I'(-k+im-3)T (k+im+L)t #m-l Wy ey (41)
Re m < 1, Re(-k+jm-3) > 0, Re(k+im+i) >0, |arg' t] < 321
j e Q;n'n (x)dx =
1
_ C(a+1)I(y+1) T(1-3m)T(k) o i (20)

I (2k+2) T(k-im+1)
aFg (B+1, 6+1, k; 2k+2, k-3m+2; 1)

Re k >0, |[Re m| < 2.
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J (X2_1)"§ e-?rim er(n,n (x)dx =
1
2 D(a+1)C(y+1) (21)

9 ~2k-$m+in

costma I'(Fa+1)['(3B+1)T(zv+1)[(36+1)

Re k > -1, |Rem]| <1,

J (x-1)P(x+1) P2 ™M QI (1ygx =
1
T'(a+1)C(v+1)[(p-3m+1)[(p+3m+1) (22)

-k-tm+in-2
- gkt 4

[ (k+p-3n+2)T (k+p+3n+2)

Re k > -1, Re p > 3|Re m | -1.

j (x-1)P(x+1)%e ™M Q™" (x)dx =
1

C(a+1)I(y+1) T(p-3m+1)['(-p-g+k)
: 2

prq-tm+in (23)

T'(2k+2) [(k-q-m+1)
. 3 B, (B+1, 8+1,k-p-q; 2k+2,k-q-3m+1; 1)

3|Re m | -1 <Re p < Re (-g+k).

f P () QM® (x)dx =
1

MM ™ P4l (min)+1)D(E+: (m-n)+1) (24)

) (-k) (0+k+1) T(Z-3(m+n)+1)I*(2-3(m-n)+1)

Re(/-k) > 0, Re(l+k) > -1, Re m < 1,

One of the theorems of BRAAKSMA-MEULENBELD [5] is:

Let By be a real number with b1 > #Re m # £|Re n| - 1, and o) a
function such that for all a > 1:
o@) t-pFHRemle 11 a) if Re m # 0,
o) (t-1)* log(t-1) € L(1,a) if Re m = 0,
P 1€ L(a,eo).
Let fuvther ¢(t) be a function of bounded variation in a neighbourhood of
t=x(x > 1). Then ¢(t) satisfies the velations:
k1+i°°

P kf - dRERADP (%) J go(t)e"i“’Q;m"“ (Hdt = zi{go(x-0)+p(x+o_)}, (25)
171
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and
kitioo . o

3= k J o drerne™ @ () lf PP (dt = He(x-0)+p(x+0)}. (26)
171

If we apply (25) to (24), we find after some simplifications:

) kytiee g 1 T (k+3(m+n)+1)T (k+3(m-n)+1)
i (- ) - P (x)dk
ki-io L7k d¥ktl D(k-3(m+n)+1)T(k-3(m-n)+1)

= gm-n Pén,n (x) (27)

k,> -tRem+$|Ren| - 1, 2k; + 1> [2Re { + 1|, [Re m| < &, x > 1.
Application of (26) yields:
ki+iee 1 1

2-k Q+k+l

ori ) Q" (x)dk = Q" (x) (28)
ky-ice

ky>3Rem + }|Ren|-1, 2Re L + 1> |2k + 1|, |Re m|< §, x > 1.
This result can be found in a direct way by applying Cauchy's integral

formula, since the asymptotic behaviour of Q" (x) as k—oco on |arg k| £
7 -1 with 0 < 7 < 7 is given by:

QM (%) = k™ eV -1)*O(1) (x > 1).

Remark. The formula (27) may be considered as a continuous analogue
of the classical Dougall series expansions,
By applying (26) to (15) we obtain:

k1+ieo ' ) )
7 (2k+1) (prh+3m)D(p-k+im-1)e" " Q™" (x)dk = (29)
ky-ieo

= 2"1+m-‘kn+P ]"(p—%n)l"(p+%n) (x_]_)-%m (x+1)’P

k; > Re m +}|Re n}| - 1, Re(p+tim) - > |k1+%‘, Re m< 4, x > 1,

Application of (26) to (17) yields:

K1+ ieo )
AW, g (22)e7 T Q) (0)dk

= 9 $(n-m) a1+§(m+n)e -ax (X-l)%m (X+1)in

_1
271

k, > -Rem + {|Re n} - 1, Rea>0, Rem> -3, x> L.

For m=n (30) is transformed into [5, (8.27)].
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Some useful relations between the generalized and the associated Legendre
functions are the following:

s 0 -%mﬂ% 3 m
Py'? (22°-1) = 2 2Py (2). (31)
9 -3m,n
, ‘
PR (S -1) = 2 % Zgletimimpm (5 (32)
- z n-}

(the upper or lower sign according as Imz < 0).

3
-§m+;; _
Qpt (228 -1) = 2 ZS*QQT% (). (33)
.4 z%+1 2n§m+ZeZ1rik z“ir (z2 - 1)’k “2k-1
Py, " () = - Qy.m (2). (34)
RPN Vrr(-m-2k-1) tom

Formulas (31) and (33) hold for Re z # 0, z not on the cross-cut, and
for -1 <z <1, z # 0, Formula (32) holds for Re z #.0, z not op_the
cross-cut, and for -1 <z <1, z # 0 after omitting the factor e®™™
Formula (34) holds for z not on the cross-cut,
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