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b y  
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1. Introduction. 

i n  n T h e  f u n c t i o n s  P ~ , n ( z )  and  Qk ' (z) ,  s o l u t i o n s  of  the  d i f f e r e n t i a l  e q u a t i o n :  

--" { m2 n 2 } 
( 1 - z  2) d2w - 2z dw + k ( k + l )  - - ~ w = 0, 

dz 2 dz 2 ( l - z )  2 ( l+z )  

i n t r o d u c e d  in  [ 1 ]  b y  KUIPERS-MEULENBELD, h a v e  b e e n  d e f i n e d  f o r  a l l  p o i n t s  
of  the  z - p l a n e  in  w h i c h  a c r o s s - c u t  e x i s t s  a l o n g  the  r e a l  a x i s  f r o m  1 to 
- ~ ,  and  in [ 2 ]  f o r  the  r e a l  v a l u e s  o f  z on the  c r o s s - c u t  f o r  -1 < z < 1. 
T h e s e  f u n c t i o n s  w i l l  be  c a l l e d  generalized Legendre functions, w h e r e a s  
P ~ ( z )  and  Q ~ ( z )  w h i c h  a r e  the  s p e c i a l  c a s e s  f o r  m=n, wile be  d e n o t e d  b y  
associated Legendre functions. 

F o r  the s a k e  of b r e v i t y  we put :  

= k+�89 fi = k - � 8 9  3' = k + � 8 9  5 = k - � 8 9  

In  [3] i s  g i v e n  a l i s t  of  i n t e g r a l  t r a n s f o r m s  w h o s e  k e r n e l s  a r e  a s s o c i a t e d  
L e g e n d r e  f u n c t i o n s .  In th i s  p a p e r  we w a n t  to e x t e n d  th i s  l i s t  to i n t e g r a l  
transforms with om,n Q~,n --k (x), (x), or combinations of these as kernels. 
In section 2 the result is given without proofs. The evaluation of most of 
the integrals is carried out by expressing P~,n(z) and Q~,n (z~ in terms 
of hypergeometric functions in conjunction with Lhe tabels in k3, 20.2]. 
A more detailed presentation may be found in [ 4]. In section 3 some in- 
verse transforms are given, making use of the inversion formulas of 
BRAAKSMA-MEULENBELD (see [5]). In the integrals, occurring in this section 
is integrated with respect to the lower parameter k. Finally, in section 
4 we mention some useful relations, until now not yet published, between 
generalized and associated Legendre functions. 

2. A. Laplace transforms with generalized Legendre functions. 

j e 'Pt  t c-I  ( t+ l ) - in  p ~ , n ( l + 2 t ) d t  = 

0 

F o r  re=n:  

2 �89 P �89 

r(~+i)r(-~) 
E ( ~ + I ,  -7 ,  c - � 8 9  l - m :  p) (1) 

Re  c > � 8 9  m ,  Re  p > 0. 

f e-Pt re-1 -�89 m 1 �89 (t+l) Pk ( l+2 t )d t  = ~ ~- p s i n r k  E (k+ l ,  -k,  c - � 89  (2) 

0 Re c > �89 m, Re p > 0. 
For c=l- �89 in (2): 

J e-Pt [t(l+t)]-�89 i~ ~ -�89 pro-�89 e�89 ( l + 2 t ) d t  7r Kk+�89 (�89 

0 Re  m < 1, Re  p > 0. 
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This transform has already been found in [3, 4.13(I)]. 
For m=0 in (2): 

! -C 
e-Pt tc-1 Pk (l+2t)dt = - ~r p sin 7rk E(k+l,  -k, e: 1: p) 

0 Re e > 0, Re p > 0. 

J 
o 

e - p t t  x+�89 - -~im,-,m.n ( l + t ) d t  : 

F(a+ 1) ~ sin ~r 
E(-/~, 3'+1, k+m: re+I: 2p) + 

I"(6 + 1) 2m-n+l pX+m sinm~ 

sin azr 1 
2"n+l pXsinmTr E(-a, 6+1, k: l-m: 2p) 

1 j (3) 

Re k > 0, Re(k+m) > 0, 

F o r  m=n (3) is equal to [3,  4 .13(16)] .  

j 2t(t+y+z) 
e "pt t -�89 (t+y) -k-1 (t+z)k(t+y+z)�89 p ~,n (1 

o (t+y) (t+z) 

= 2 �89 e �89189 p-1 W k+�89189189189189189 n (pz) 

Re m < 1, yoz rea l  > 0, 

F o r  y=z=l and re=n=0 we get [3, 4.13(6)] .  

f 
o 

e "pt ( i  -e- t  )�89 ( l+e-t)~1: '  k m' "n(et)dt : 

2.P+�89 F(p-k)F(p+k+l) 

F(p+�89189189189 

Re p > 0 .  

)d%= I 

R e p > 0 .  

(4) 

(5) 

p+k+l; p+-~m-~n+l, p+~m ~n+l; �89 3F2(p-k,  p+�89 1 1 1 +l 

Re m > - 1 ,  R e p  > - R e  k - l ,  Re p > Re k. 

F o r  m=n  and ~=�89 we get [3 ,  4 . 1 3 ( 1 1 ) ] .  

pe t 
f -pt _l)�89 e (e t (--- l)~ = 
o p-2 

F(p-~-k-�89 F(p-cr+k-�89 (6) 

= pp-�89 (p_2)-a F(p-~-�89189 

3 F2 (p-a-k- �89 p+l,  p-~+k+1-�89 p-~-�89 p-~+�89 ~-~)  

Re p > 0, Re m > -1, Re p > Re(�89 Re p > Re(�89 
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F o r  m=n and ~=�89 we get [3, 4.13(12)]. 

f -pt -t in m,ntl -t �89 e ( 1 - e )  Pk t ~-2e )dr = 2 

o 

F(p-�89189 

F(-p-�89189 

m,n (2e-r - 1)dr f e-pt ( l_e-t)  -�89 Pk 
o 

287 

(7) 

Re n > - 1 ,  Re p > �89 m. 

= 2 �89 F(p+�89189 
(8) 

l~(p-k-�89189 

Re m < i, Re p > �89 r/[. 

B. Integral transforms with generalized Legendre functions. 

1 
m , n  ~ xP(1-x)q(1-zx) -�89 Pk (1-2xz)dx = 

0 

= 2 �89 z -�89 
F(p- �89 

F(i-m)F(p+q-�89 
3F2 (/3+1, -T,~p-�89 -m,p+q-�89 z) 

Re p > �89 m - i ,  Re q > -1, z real : l  z] < 1. 

(9) 

+i 7r 22 �89 
f _x 2)-�89 m.n(x)dx = (I Pk 1 
-i cos ~n 7r 

Re m < I, ]Re n] < i. 

1 I i 1" 1 I F(~-~a)F(~--UY)F(~fi+I)P(y6+I) 
(io) 

+I 
f (l_x)P(l+x)k_p_ 1 = 2 I~ r(k-p+�89189189 pk'n(x)dx 

F (fi+l)F(~+ 1 )P( -p -}m) 

Re(p-�89 > -i, Re(k-p)> �89 IRe n I. 

(11) 

§ 
m,n (x)dx = f (1-x)P(I+x) qP k 

-1 

F (q+�89189 
= 2 p+q-i(m-n)+l 

r (1 -m)F (p+q-�89 

3F2 (/3+1, --y, p-�89 l - m ,  p+q-�89 1). 

Re(p-�89 > -1, Re q+l > �89 ]Re n].  

(12) 

§ 

S -1 
m,n (x)dx = ( 1 'x) -�89 ( 1 +x) q (u+x) "r P k 

q+�89 F(q+�89189 
: 2 ( u - 1 ) ' ~  ' 

F(q-k-�89 )P(q+k-�89 

3 F2 (q+�89 a, q.-�89 q-k-�89 q+k-�89 ]_2_~ ) 2  

Re m < 1, Re q+l > �89 [Re n[, u not lying on the cut (-1,+1). 

(13) 
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f ( l -x )  -�89 (l+x)qe -uxDm,n (x)dx = --k 
-1 

= 2 q+�89 

2F2 (q+�89 

R e i n <  1, 

(x- l )  4m 
1 
Rein< 1, 

P(q+�89189 
�9 e u ~ 

F (q-k-�89189 

q-�89 q-k- �89  q+k-�89 -2u) 

Re q+l > �89 nl. 

(X+I)-P p m.n(x)dx = 21-m+�89 P(p+k+�89189 
k 

F (p-�89 (p+�89 

Re(p+k+}m) > 0, Re(p-k+�89 > 0. 

(14) 

(15) 

1 
(x - l )  "�89 (x+l) "�89 (x+t)-2~-i p ~,n (x)dx = 

R e i n <  1, 

F (a+2~+l)F(- 5+2~) -n-2~, -m-2~ 
(l+t) -Z-�89 ( 1 -t)-~-�89 Pk 

r(2~+l) 
IRe(2k+l) l < Re(m+n+4~+1), I t l < 1. 

(t) 
(16) 

; e -~x (x-l) 
1 

R e i n  < 1 ,  

-�89 In 
(x+l) "~ pk'n (x)dx 

Re a > 0 .  

�89 . . .  = 2 �89 a vv �89189 (i7) 

e-aX(x_l)C-1 (x+l) m,n Pk (x)dx = 
1 

a�89 e-a 
- E(~+I ,  -% c-�89 l - m :  2a) 

F(~+I)F(-~) 

Re c > �89 m,  Re a > 0. 

(18) 

(x-1)-�89 (x+l)-n eXt K [( l+x)t]  P~n'n(x)dx = �89 
1 

2"�89 -�89 +1 1 1 1 �89 (4t) = et~r cos �89 F ( - k  ~m-~)F(k+~m+~)t  W�89189189 

�9 3~" Re m < 1, Re(-k+�89189 > 0, Re(k+�89189 > 0, l arg  t I < ~--. 

(19) 

e-~im m.n 
Qk (x)dx = 

1 

r '(a+l)r(~/+l) F(1- �89  

F(2k+2) r ( k - � 8 9  

1 1 
2 -~m+~n 

a F2 (/3+1, 5+1, k; 2k+2, k-�89 1) 

(20) 

Re k > 0, IRe m I < 2. 
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va 

f (x 2 -1) "�89 e 
1 

-2k-�89189 
= 2 

Re k > -1, 

-vim n m ' n ( X ) d  x = 
~ k  

2 
F(a+l)r(T+l) 

cos �89 i i i i 6+ f(~+ I)F(y~+I)F(~'+I)P(~ I) 

IRe ml <i. 

f m,. (x)dx : (X-1 )P (X+I )  "p 'k '2 e'Vim Q k  

1 

-k-�89189 
2 

F (a+I)F(T+I)F (p-�89189 

F(k+p-�89 (k+p+�89 

Re k > -1, Re p > �89 m [ -1. 

(21) 

(22) 

m,n ( x ) d x  = ( X - 1 ) P ( x + l )  q e -vim Q k 

1 

r(a+l)r(~+i) r ( p - � 8 9  

F(2k+2") F(k-q-�89 
2 p+q~m+�89 

�9 3 F2 (fl+l, 5 + l , k - p - q ;  2k+2, k -q- �89  1) 

�89  m I -1 < Re p < Re (-q+k). 

(23) 

pro.. Q~,n = k (x) (x)dx 
1 

~in~ -m§ F(Z+�89 )r(~+�89 e 2 

(~-k) (~+k+l) F(~-�89189 

Re(~-k) > 0, Re(s > -1, Re m < 1. 

(24) 

One of the t h e o r e m s  of BRAAKSMA-MEULENfIELD [ 5 ]  iS" 

be a real  n u m b e r  with tel > ~Re m ~ ~ l R e  n l - 1, and ~(t) a L e t  k l  
funct ion such that f o r  all a > 1: 

~o(t) (t-1)'i'�89 ml c L(1 ,  a) i f  R e  m / O, 

~(t) ( t - l )  "�88 l o g ( t - l )  c L a ,  a) i f  R e  m = O, 
99(t)t'l"kl e L(a, ~ ) .  

Le t  f u r t h e r  ~o(t) be a funct ion  o f  bounded variat ion in a neighbourhood o f  
t=x(x > 1). Then ~o(t) sa t i s f i e s  the relat ions:  

kl+ ir 
1 rj dkC2k+l)   'n  (t)eVi QF" COdt : 

2r i  
k I - i~ 1 
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and 

kl+ i=o f i ' -n 2-"~ j dk(Zk+l)e~imokm' (x) 
kl- i~ 1 

B.Meulenbeld and H.S.V.de Shoo 

m,n (t)dt ~o(t)P k 

If we apply  (25) to  (24), we find a f t e r  s o m e  s imp l i f i c a t i ons :  

kt+ i~ 1 

2 ~'--7 (-~ 
k - i ~  

= 2 m-n p ~ , n  iX ) 

kl> -}Re me ~IRe n] 

~+k+l 

1, 

r(k+}(m+n)+1)r(k+�89 
-m,-n (x)dk ) Pk 

F (k-}(m+n)+l )F  (k -} (m-n)+ l )  

(27) 

2k 1 + 1 > 12Re .~ + 1 l ,  IRe ml < �88 > 1. 

Appl ica t ion  of (26) y ie lds :  

kt+i~ 1 1 
1 f ( ~ m . n  (x)dk Q~,n 

2~i ~i ~-k $+k+l ') Qk = (x) (28) 
k I - ~ 

k I > �89 m + �89 n I - 1, 2Re ~ + 1 > I 2kl + 11, I R e  m l <  } ,  x > 1. 

This result can be found in a direct way by applying Cauchy's integral 
formula, since the asymptotic behaviour of (om,n "~k ix) as k--.=o on l arg k I <__ 

-~ with 0 < U < ~ is given by: 

Q~n,n (x) = km-�89 (x+\ /x2-1)-ko(1)  ( x > 1). 

R e m a r k .  The  f o r m u l a  (27) m a y  be c o n s i d e r e d  as  a cont inuous  analogue 
of the c ! a s s i c a l  Dougal l  s e r i e s  expans ions .  

By apply ing  (26) to (15) we obtain:  

kl+ i~ 
1 ] (2k+l) (p+k+}m)r(p-k+}m-l)J im Q~m,-n 

2~i 
k I - i= 

= 2"l+m'�89 F (p-�89 (p+}n) (x-  1) -�89 (x+ 1) "p 

k 1 > }Re m +�89 n l  

(x)dk = 

1, Re(p+�89 - �89 > ]k  1+}1, Re m <  ~, x > 1. 

(29) 

App l i ca t ion  of (26) to (17) y ie lds :  

kl+ im 
1 15 m,n 2Vi (2k+!)W�89 (2a) e'~im Qk (x)dk = 

= 2 �89 al+�89 -ax (x_l)�89 (x+l)�89 

k l : ~ - } R e  m + } IRe  n l  1, Re a >  0, R e i n > - - 3 4 ,  x >  1. 

(30) 

F o r  m=n (30) is t r a n s f o r m e d  into [5, (8 .27) ] .  



Integrals Involving Generalized Legendre Functions 291 

S o m e  u s e f u l  r e l a t i o n ~  b e t w e e n  the  g e n e r a l i z e d  a n d  the  a s s o c i a t e d  L e g e n d r e  
f u n c t i o n s  a r e  the  f o l l o w i n g :  

-~m+�88 
-�89 m 

P ~ ' � 8 9  (2z 2 - 1 )  = 2 z P 2k+�89 (Z). (31) 

( the  u p p e r  o r  l o w e r  s i g n  a c c o r d i n g  a s  I m z  ~ 0). 

3 1 

Q~n,�89 (2z 2 _ 1 )  = 2 z - � 8 9  2k.,�89 (z).  
3 3 "�89 

�9 z 2 +  1 2"~m+4e 2~ik z (z 2 1) �89 

~kDm'�89 ( Z - - ~ _  1 ) = y r~F(_m_2k_ �89  

(33) 

-2k-1 
Q-�89 (z) .  (34) 

F o r m u l a s  (31) and  (33) h o l d  f o r  R e  z ~ 0, z n o t  on  t he  c r o s s - c u t ,  a n d  
f o r  -1 < z < 1, z r 0, F o r m u l a  (32) h o l d s  f o r  Re  z ~ , 0 ,  z n o t  o ~ .  the  
c r o s s - c u t ,  a n d  f o r  -1 < z < 1, z ~ 0 a f t e r  o m i t t i n g  the  f a c t o r  e ~ l m  
F o r m u l a  (34) h o l d s  f o r  z n o t  on  the  c r o s s - c u t .  
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